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Let K be a ﬁeld of ﬁnite characteristic p and G a ﬁnite group with
a normal Sylow p-subgroup. We give necessary and suﬃcient con-
ditions for G to have a faithful irreducible projective representation
over K . In the case when G is an abelian p-group and K is not a
perfect ﬁeld we ﬁnd also all dimensions of faithful irreducible pro-
jective representations of G over K and show that the group G has
inﬁnitely many isomorphism classes of faithful irreducible projec-
tive representations of each possible dimension d = 1.
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Introduction
Let A be a ﬁnite abelian group and L an algebraically closed ﬁeld whose characteristic does not
divide |A|. Frucht [10] proved that the group A has a faithful irreducible projective representation
over the ﬁeld L if and only if A is of symmetric type, i.e. it decomposes into a direct product of two
isomorphic groups. Yamazaki [15] showed that if A is of symmetric type, then A admits a faithful
irreducible projective representation over arbitrary ﬁeld containing a primitive (exp A)th root of 1.
Zhmud [18,19] established that the smallest number of irreducible components of a faithful projective
representation of the group A over L equals 1 if A is of symmetric type and equals 2 otherwise.
Ng [12,13] described the metacyclic groups admitting a faithful irreducible projective representation
over the ﬁeld of complex numbers C. Moreover, he also selected certain types of metabelian groups
possessing a faithful irreducible projective representation over C. Quinlan [14] investigated metacyclic
groups having central simple twisted group algebra over a subﬁeld of C. Any such group admits a
faithful absolutely irreducible projective representation over this subﬁeld. Barannyk [2,3] generalized
Frucht’s and Zhmud’s results to an arbitrary ﬁeld whose characteristic does not divide the order of A.
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to have a faithful irreducible projective representation over an arbitrary ﬁeld. Some general results
on faithful irreducible projective representations of arbitrary ﬁnite groups are obtained in [12,13] and
[15,17].
Let H be a non-cyclic abelian p-group and K be an inﬁnite ﬁeld of characteristic p. For every
2-cocycle λ ∈ Z2(H, K ∗) such that the twisted group algebra K λH is of inﬁnite representation type,
Barannyk [4] found natural numbers d for which G has inﬁnitely many faithful absolutely indecom-
posable λ-representations over K of dimension d. This result gives, in particular, a solution of the
second Brauer–Thrall conjecture for twisted group algebras of ﬁnite groups with abelian Sylow p-
subgroups over the ﬁeld K (see [1, p. 138] for a formulation of the conjecture).
In this paper we continue a study of faithful modular projective representations of ﬁnite groups as
begun in [4] and [6]. We established that a ﬁnite group G with a normal Sylow p-subgroup Gp admits
a faithful irreducible projective representation over a ﬁeld K of characteristic p if and only if K is not
a perfect ﬁeld, G = Gp × B , Gp is abelian and B has a faithful irreducible projective representation
over K (Theorem 2.4). Let K be a non-perfect ﬁeld of the characteristic p, pt = [K : K p], G an abelian
p-group of type (pn1 , . . . , pns ) with n1  · · · ns and
m =
{
n1 + · · · + ns if s t,
n1 + · · · + nt if s > t.
We prove that a natural number d is the dimension of a faithful irreducible projective representation
of G over K if and only if d = pl , where n1  l  m. Moreover, the group G has inﬁnitely many
non-equivalent faithful irreducible projective representations of dimension pr over K for every r with
n1  r m (Theorem 3.6).
Notation and terminology
Throughout this paper we use the following notations: p  2 is a prime; K is a ﬁeld of character-
istic p; K ∗ is the multiplicative group of K ; K p = {αp: α ∈ K }; G is a ﬁnite group of order |G|, where
p | |G|, and Gp is a Sylow p-subgroup of G; G ′ is the commutant of G; e is the identity element of G;
|g| is the order of g ∈ G; exp A is the exponent of an abelian group A; Z2(G, K ∗) is the group of all
K ∗-valued normalized 2-cocycles of G , where we assume that G acts trivially on K ∗ (see [11, Chap-
ter 1]). Denote by K λG the twisted group algebra of the group G over the ﬁeld K with a 2-cocycle
λ ∈ Z2(G, K ∗) and by rad K λG the radical of K λG . Let K λG = K λG/ rad K λG . A K -basis {ug : g ∈ G}
of K λG satisfying uaub = λa,buab for all a,b ∈ G is called the natural basis corresponding to λ. If H
is a subgroup of G , we use the same symbol for an element λ : G × G → K ∗ of Z2(G, K ∗) and its
restriction to H × H . In this case, K λH is a subalgebra of K λG . If M is a K λG-module, then we denote
by MH the K λH-module obtained by restriction of the algebra.
Let V be a ﬁnite-dimensional vector space over K and Γ : G → GL(V ) a projective representation
of G with a 2-cocycle λ ∈ Z2(G, K ∗). We refer to Γ as a λ-representation of G over the ﬁeld K (see
[11, p. 106]). The dimension of V is called the dimension of Γ . If H is a subgroup of G , we use the
symbol ΓH for the restriction of Γ to H . If we view V as a module over K λG , we say that V is the
underlying module of the λ-representation Γ [9, p. 74]. Let PGL(V ) = GL(V )/K ∗ ·1V and π : GL(V ) →
PGL(V ) be the canonical group homomorphism. The kernel of the homomorphism π ◦Γ : G → PGL(V )
is called the kernel of Γ and is denoted by Ker(Γ ). If Ker(Γ ) = {e}, the representation Γ is called
faithful.
Let B be a ﬁnite group. We recall from [8, p. 115] that K λB-module V is deﬁned to be absolutely
simple if L ⊗K V is a simple module over L ⊗K K λB for every ﬁeld extension L of K . If an abso-
lutely simple K λB-module V is the underlying module of a λ-representation Γ , we say that Γ is an
absolutely irreducible λ-representation of B .
Let λ ∈ Z2(D, K ∗) and μ ∈ Z2(H, K ∗), where D and H are ﬁnite groups. Denote by λ × μ the
K ∗-valued 2-cocycle of the group D × H deﬁned by
(λ × μ)(d1,h1),(d2,h2) = λd1,d2 · μh1,h2
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Let B = D × H , V be a K λD-module and W a KμH-module. Denote by V #W the K λ×μB-module
whose underlying vector space is V ⊗K W with the module operation given by
u(d,h)(v ⊗ w) = udv ⊗ uhw
for all d ∈ D , h ∈ H , v ∈ V , w ∈ W and extended to K λ×μB and V ⊗K W by linearity. Assume that V
is the underlying module of a λ-representation Γ of the group D and W is the underlying module of
a μ-representation Δ of the group H . Then V # W is the underlying K λ×μB-module of the λ × μ-
representation Γ #Δ of B given by
(Γ #Δ)(d,h) = Γ (d) ⊗ Δ(h)
for all d ∈ D , h ∈ H . The representation Γ #Δ is called the outer tensor product of Γ and Δ.
The reader is referred to [9,11] for basic facts and notation from group representation theory
and [1] and [8] for terminology, notation and introduction to the representation theory of ﬁnite-
dimensional algebras over a ﬁeld.
1. On 2-cocycles of p-groups
In the ﬁrst part of this section we assume that G is a ﬁnite p-group, K is an arbitrary ﬁeld of
characteristic p and K̂ is the algebraic closure of K .
We recall the following two useful lemmas.
Lemma 1.1. For any 2-cocycle λ ∈ Z2(G, K ∗) there exists the unique function α : G → K̂ ∗ such that
λx,y = αxαy
αxy
(1)
for all x, y ∈ G.
Proof. See [11, p. 44]. 
Lemma 1.2. Let H = 〈a〉 be a cyclic p-group and λ ∈ Z2(H, K ∗). The cocycle λ is a K ∗-valued coboundary if
and only if
λa,aλa,a2 . . . λa,a|a|−1 = γ |a| (2)
for some γ ∈ K ∗ . If λ satisﬁes conditions (1) and (2) then αa = γ .
Proof. See [11, p. 68]. 
Let L be a subﬁeld of the ﬁeld K and λ ∈ Z2(G, L∗). Denote by KerK (λ) the union of all cyclic
subgroups 〈g〉 of G such that the restriction of λ to 〈g〉 × 〈g〉 is a K ∗-valued coboundary. The set
KerK (λ) is called the kernel of λ over K [5].
We remark that if K is a perfect ﬁeld then every 2-cocycle λ ∈ Z2(G, K ∗) is a K ∗-valued cobound-
ary (see [11, p. 43]). Hence in this case KerK (λ) = G , for any λ ∈ Z2(G, K ∗).
Lemma 1.3. (See [5].) Let λ ∈ Z2(G, K ∗) and H = KerK (λ). Then H is a normal subgroup of G, G ′ ⊂ H and
the restriction of λ to H × H is a K ∗-valued coboundary. Up to cohomology in Z2(G, K ∗)
λg,h = λh,g = 1 (3)
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μ : G/H × G/H → K ∗, μxH,yH = λx,y
is a 2-cocycle and KerK (μ) = {H}.
Proof. For the convenience of the reader, we give a new proof that is simpler than the one in [5].
Suppose that λ satisﬁes the condition (1). By Lemma 1.2, H = {g ∈ G: αg ∈ K ∗}. Hence, H is a sub-
group of the group G . Recall from [11, p. 42] that the restriction of λ to G ′ × G ′ is a K ∗-valued
coboundary. It follows that G ′ ⊂ H and H is a normal subgroup of G . By virtue of (1), the restriction
of λ to H × H is a K ∗-valued coboundary.
Let {g1 = e, g2, . . . , gn} be a cross section of H in G . If x ∈ G and x = grh, where h ∈ H , we set
βx = λgr ,h
αh
.
Let
σx,y = βxβy
βxy
λx,y
for all x, y ∈ G . Then σ ∈ Z2(G, K ∗) and σg,h = σh,g = 1, for all g ∈ G , h ∈ H .
If λ satisﬁes the condition (3) then λx,y = λxh,yh′ , for arbitrary x, y ∈ G and h,h′ ∈ H . Therefore the
formula μxH,yH := λx,y is well posed and deﬁnes the 2-cocycle μ ∈ Z2(G/H, K ∗). If the restriction of
μ to 〈gH〉×〈gH〉 is a K ∗-valued coboundary, then the restriction of λ to 〈g〉×〈g〉 is also a K ∗-valued
coboundary. Hence gH = H and KerK (μ) = {H}. 
From now until the end of this section, we assume that K is a non-perfect ﬁeld of characteristic p
and G = A1 × · · · × As , where Aq = 〈aq〉 and |Aq| = pnq for q = 1, . . . , s.
Let μ ∈ Z2(G, K ∗). We have
KμG =
⊕
r1,...,rs
Kur1a1 . . .u
rs
as ,
where
up
nq
aq = γque, γq ∈ K ∗ for q = 1, . . . , s.
Up to cohomology, if a = a j11 . . .a jss ∈ G , where 0 jq < pnq for each q ∈ {1, . . . , s}, then
ua = u j1a1 . . .u jsas . (4)
Consequently, the cocycle μ is cohomologous to the cocycle λ = λ(1) × · · · × λ(s) , where λ(q) ∈
Z2(Aq, K ∗) and
λ
(q)
aiq,a
j
q
=
{
1 if i + j < pnq ,
γq if i + j  pnq ,
for all i, j ∈ {0,1, . . . , pnq − 1}. We say that λ is a canonical 2-cocycle of the group G (with respect to
the decomposition G = A1 × · · · × As). The cocycle λ will also be denoted by [γ1, . . . , γs]. Denote by
Z2(G, K ∗)can the set of all canonical K ∗-valued 2-cocycles of G . This set is a subgroup of the group
Z2(G, K ∗).
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we say that λ and μ are K -cohomologous or cohomologous over K . It is easy to verify that the
canonical 2-cocycles λ = [γ1, . . . , γs] and μ = [δ1, . . . , δs] are K -cohomologous if and only if there
exist elements ξ1, . . . , ξs ∈ K ∗ such that
γ j = ξ |a j |j δ j
for every j ∈ {1, . . . , s}.
Lemma 1.4. Let L be a subﬁeld of a non-perfect ﬁeld K and λ = [γ1, . . . , γs] ∈ Z2(G, L∗)can . Then KerK (λ)
is the trivial group if and only if none of the products γ i11 . . . γ
is
s with 0 i j < p, i1 + · · · + is = 0 is the pth
power of an element of K ∗ .
Proof. Let a ∈ G and |a| = p. Then a = a j11 . . .a jss , where jq = iq pnq−1 with 0 i j < p, and i1 + · · · +
is = 0. By (4), we have
upa =
(
γ
i1
1 . . . γ
is
s
)
ue.
Hence, in view of Lemma 1.2, the restriction of λ to 〈a〉 × 〈a〉 is a K ∗-valued coboundary if and only
if γ i11 . . . γ
is
s ∈ K p . 
Lemma 1.5. (See [7].) Let M be an inﬁnite ﬁeld, T a ﬁeld extension of M and T = M. Then the factor group
T ∗/M∗ is not ﬁnitely-generated.
Lemma 1.6. Let K be a non-perfect ﬁeld and F be a perfect subﬁeld of the ﬁeld K , α ∈ K , α /∈ K p and L =
F (α). The group Z2(G, L∗)can contains inﬁnitely many pairwise non-cohomologous over K 2-cocycles λ =
[γ1, γ2, . . . , γs] such that KerK (λ) is the trivial group and γ1 = α for s 2.
Proof. Evidently, Lp = F (αp) and Lp = (Lp)p . The ﬁeld Lp is inﬁnite, since Lp is not a perfect ﬁeld. It
is not diﬃcult to verify that [L : Lp] = p and Lp = L ∩ K p . By Lemma 1.5, the factor group L∗/(Lp)∗ is
inﬁnite of exponent p. Because
L∗ · (K p)∗/(K p)∗ ∼= L∗/(Lp)∗,
the group Z2(G, L∗)can contains inﬁnitely many pairwise non-cohomologous over K 2-cocycles
[γ1, . . . , γs] such that
γ
i1
1 . . . γ
is
s /∈
(
K p
)∗
for any i1, . . . , is ∈ {0,1, . . . , p − 1} with i1 + · · · + is = 0 and γ1 = α for s 2. In view of Lemma 1.4,
the kernel of every such cocycle over K is the trivial group. 
2. Finite groups with faithful irreducible projective representations
Throughout this section, K denotes an arbitrary ﬁeld of a ﬁnite characteristic p.
Proposition 2.1. Let G be a p-group, λ ∈ Z2(G, K ∗), H = KerK (λ) and Γ be an irreducible λ-representation
of G over K . Then Ker(Γ ) = H.
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Γ (g)|g| = λg,gλg,g2 . . . λg,g|g|−1Γ (e) = α|g|E.
It follows, by applying Lemma 1.2, that g ∈ H . Hence, Ker(Γ ) ⊂ H .
In view of Lemma 1.3, H is a normal subgroup of G and up to cohomology λx,y = 1 for all x, y ∈ H .
By Clifford’s Theorem, ΓH = Δ+˙ · · · +˙Δ, where Δ : h → 1 is the one-dimensional linear representation
of H . Hence, H ⊂ Ker(Γ ) and consequently, Ker(Γ ) = H . 
Corollary 2.2. Let G be a p-group and λ ∈ Z2(G, K ∗). Then G admits a faithful irreducible λ-representation
over K if and only if G is abelian and KerK (λ) = {e}.
Theorem 2.3. Let Gp be abelian, G = Gp × B, μ ∈ Z2(Gp, K ∗), ν ∈ Z2(B, K ∗) and λ = μ× ν . An irreducible
λ-representation T of G over K is faithful if and only if T is equivalent to a representation of the form Γ #Δ,
where Γ is a faithful irreducible μ-representation of Gp and Δ is a faithful irreducible ν-representation of B.
The representations Γ #Δ and Γ ′#Δ′ of this type are linearly equivalent if and only if Γ is linearly equivalent
to Γ ′ and Δ is linearly equivalent to Δ′ .
Proof. We have K λG ∼= K λGp ⊗K K ν B and K λGp is a ﬁnite purely inseparable ﬁeld extension of K
(see [11, p. 74]). It follows that each simple K λG-module is isomorphic to a component of the module
K λGp ⊗K W , where W is a simple K ν B-module. Since the algebra K ν B is separable, then the centers
of its simple components are separable extensions of the ﬁeld K (see [8, p. 105]). Assume that A is a
simple component of K ν B and Z(A) is its center. Then K λGp ⊗K Z(A) is a ﬁeld, so that the algebra
K λGp ⊗K A is simple. By Proposition 1.1 from [11, p. 135], the dimensions of absolutely irreducible
projective representations of B divide |B|. It follows that the index of A divides |B| and therefore the
index of KμGp ⊗K A coincides with the index of A. Hence, V := KμGp ⊗K W is a simple K λG-module.
If V is the underlying K λG-module of a faithful irreducible λ-representation of G , then, from the
decompositions
VGp ∼= KμGp ⊕ · · · ⊕ KμGp, V B ∼= W ⊕ · · · ⊕ W , (5)
it follows that KμGp is the underlying KμGp-module of a faithful irreducible μ-representation of Gp
and W is the underlying K ν B-module of a faithful irreducible ν-representation of B .
Conversely, let KμGp be the underlying KμGp-module of a faithful irreducible μ-representation
of Gp and W the underlying K ν B-module of a faithful irreducible ν-representation of B . We set
V = KμGp # W . Let {ug : g ∈ G} be a natural K -basis of K λG and g = ab, where a ∈ Gp and b ∈ B . If
(ug − γ ue)V = 0, for some γ ∈ K ∗ , then (ug − γ ue)|a|V = 0 and, hence, we get
(
ρ |a|u|a|a u
|a|
b − γ |a|ue
)
W = 0, ρ ∈ K ∗.
Then u|a|b = δue , δ ∈ K ∗ . Since |a| is relatively prime to |b|, then we have b = e. It follows
(ua − γ ue)KμGp = 0. Hence, a = e and V is the underlying K λG-module of a faithful irreducible
λ-representation of G .
By (5), the K λG-modules KμGp # W and KμGp # W ′ are isomorphic if and only if the K ν B-
modules W and W ′ are isomorphic. 
We are now able to prove the main result of this section.
Theorem 2.4. Let G = Gp  B and |Gp | > 1. The group G has a faithful irreducible projective representation
over K if and only if K is not perfect ﬁeld, G = Gp × B, Gp is abelian and B has a faithful irreducible projective
representation over K .
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restriction of λ to Gp ×Gp and H = KerK (μ). Since H contains a Sylow p-subgroup of the commutant
of G (see [11, p. 42]), H is a normal subgroup of G . Up to cohomology, μx,y = 1 for all x, y ∈ H . By
Clifford’s Theorem, TH = U +˙ · · · +˙ U , where U : h → 1 is the one-dimensional linear representation
of H . Hence, H ⊂ Ker(T ) = {e}. It follows that G = Gp × B , Gp is abelian and K is not perfect. Let ν
be the restriction of λ to B × B . Up to cohomology λ = μ× ν . By Clifford’s Theorem TB = S +˙ · · · +˙ S ,
where S is a faithful irreducible ν-representation of B over K .
Conversely, suppose that K is not perfect, G = Gp × B , Gp is abelian and B has a faithful irreducible
ν-representation Δ over K for some ν ∈ Z2(B, K ∗). In view of Lemma 1.6 and Corollary 2.2, there
exists μ ∈ Z2(Gp, K ∗) such that Gp has a faithful irreducible μ-representation Γ over K . We set
λ = μ×ν and T = Γ #Δ. By Theorem 2.3, T is a faithful irreducible λ-representation of G over K . 
3. Dimensions of faithful irreducible projective representations of ﬁnite abelian p-groups
We recall from [16, p. 129] that a set of elements α1, . . . ,αm of a ﬁeld K of characteristic p is
called a p-independent set if the pm monomials αi11 . . . α
im
m with 0  ir < p for every r ∈ {1, . . . ,m}
are linearly independent over the subﬁeld K p of K . A subset {β1, . . . , βt} of K is said to be a p-basis
if it is a p-independent set and K = K p(β1, . . . , βt). In this case [K : K p] = pt .
It is not diﬃcult to verify that a subset {α1, . . . ,αm} of the ﬁeld K is p-independent if and only if
the K -algebra
K [X]/(Xp − α1)⊗K · · · ⊗K K [X]/(Xp − αm) (6)
is a ﬁeld.
Let
i(K ) =
{
t if [K : K p] = pt ,
∞ if [K : K p] = ∞.
Then i(K ) is the supremum of the set that consists of 0 and all natural numbers m such that a
K -algebra of the form (6) is a ﬁeld for some α1, . . . ,αm ∈ K .
Proposition 3.1. If K is a ﬁnitely generated ﬁeld extension of a perfect ﬁeld F of characteristic p, then i(K ) =
tr.d.K/F (the transcendence degree of K/F ).
Proof. Let m = tr.d.K/F and m > 0. By Schmidt Theorem [16, p. 105], K is a ﬁnite separable extension
of the ﬁeld F (X1, . . . , Xm) of rational functions in m indeterminates over F . Hence F (X1, . . . , Xm)K p =
K . It follows that K = K p(X1, . . . , Xm).
Let K̂ be the algebraic closure of K , y j ∈ K̂ and ypj = X j for every j ∈ {1, . . . ,m}. Then
F (y1, . . . , ym) is a purely inseparable ﬁeld extension of F (X1, . . . , Xm) of degree pm . It follows
that [K (y1, . . . , ym) : K ] = pm . Hence, the subset {X1, . . . , Xm} of K is p-independent and therefore
[K : K p] = pm . 
Corollary 3.2. If K is a ﬁnitely generated ﬁeld extension of a perfect ﬁeld of characteristic p, then i(K ) = i(L)
for any ﬁnite ﬁeld extension L of K .
Lemma 3.3. Let {γ1, . . . , γt} be a p-basis of the ﬁeld K and let θi be a root of the polynomial X p − γi in the
algebraic closure of K , for i = 1, . . . , t. Then {θ1, . . . , θt} is a p-basis of the ﬁeld L = K (θ1, . . . , θt).
Proof. We have K = K p(γ1, . . . , γt). It follows that
Lp = K p(θ p1 , . . . , θ pt )= K p(γ1, . . . , γt) = K .
Hence, L = Lp(θ1, . . . , θt). Since [L : K ] = pt , the set {θ1, . . . , θt} is a p-basis of L. 
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X p
m − α ∈ L[X].
Then, for every β ∈ L∗ , there exists γ ∈ L(θ)∗ such that β = γ pm .
Proof. See [4, p. 143]. 
If K is a non-perfect ﬁeld of characteristic p, t = i(K ), and G is an abelian p-group of type
(pn1 , . . . , pns ) with n1  · · · ns , we set
i(G, K ) =
{
n1 + · · · + ns if s t,
n1 + · · · + nt if s > t.
Lemma 3.5. Let K be a non-perfect ﬁeld of characteristic p, G an abelian p-group and m = i(G, K ). Then the
dimension of every irreducible projective representation of G over K is a divisor of pm.
Proof. We use induction on n, where pn = expG . Let n = 1 and λ ∈ Z2(G, K ∗). If K λG is the group
algebra of G over K , then an irreducible λ-representation of G over K is one-dimensional. Assume
that K λG is not the group algebra of G over K . Denote by H a maximal subgroup of the group G
with K λH being a ﬁeld. Let L = K λH and G = H × N . Then K λG is the group algebra of N over the
ﬁeld L. Hence, K λG ∼= L. Denote by s the number of invariants of G . Since the number of invariants
of the group H is at most t = i(K ), the dimension of an irreducible λ-representation of G over K
divides pm , where
m =
{
s if s t,
t if s > t.
Assume that n1  2 and that for any abelian p-group of exponent pn1−1 the theorem holds. Let G
be an abelian p-group of type (pn1 , . . . , pns ) with n1  · · · ns . If s  t , then |G| = pm . Because K λG
is a ﬁnite purely inseparable ﬁeld extension of K [11, p. 74] and dimK K λG  |G|, the dimension of an
irreducible λ-representation of G over K divides pm , for every λ ∈ Z2(G, K ∗).
Suppose that s > t . We choose a p-basis {γ1, . . . , γt} in the ﬁeld K . Let L = K (θ1, . . . , θt), where θ j
is a root of the polynomial X p − γ j for j = 1, . . . , t . We have [L : K ] = pt . Denote by G the socle of G .
Since every element of the ﬁeld K is the pth power of an element of L, the twisted group algebra LλG
is the group algebra of G over L for any λ ∈ Z2(G, K ∗). Let LλG = L ⊗K K λG and V = LλG · rad LλG .
Then LλG/V ∼= LμH , where H = G/G and μ ∈ Z2(H, L∗).
By the induction hypothesis, the dimension of an irreducible μ-representation of H over L divides
pr , where r = i(H, L). By Lemma 3.3, i(L) = t . Since s > t , we have r = (n1 − 1)+ · · · + (nt − 1). Hence
r + t =m. Since there exists a K -algebra isomorphism
K λG + rad LλG/ rad LλG ∼= K λG/ rad K λG
then the dimension of an irreducible λ-representation of the group G over the ﬁeld K divides
pr · [L : K ] = pm . 
Now we are able to prove one of the main results of this paper.
Theorem 3.6. Let K be a non-perfect ﬁeld of a ﬁnite characteristic p, G an abelian p-group of exponent pn
and m = i(G, K ).
(i) If d is the dimension of a faithful irreducible projective representation of G over K , then d = pl , where
n lm.
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tive representations of dimension pr over K .
Proof. Let t = i(K ) and G = A1 × · · · × As , where Aq = 〈aq〉, |Aq| = pnq , n1  · · · ns and n1 = n.
(i) Assume that λ ∈ Z2(G, K ∗) and dimK K λG = pl . If an irreducible λ-representation of the group
G over the ﬁeld K is faithful then, by Corollary 2.2, KerK (λ) = {e}. Hence, in view of Lemma 1.4, the
subalgebra K λA1 of the algebra K λG is a ﬁeld and l n1. By Lemma 3.5, lm.
(ii) By Lemma 1.6, the theorem holds for s = 1. Assume that s 2 and t  2. If n r m, then r =
n1 +· · ·+n j−1 +n j −mj , where 0mj  n j and 2 j min{s, t}. Let D j = A1 × A j × A j+1 ×· · ·× As .
We choose a p-independent set {α1, . . . ,α j} in the ﬁeld K . Let F be a perfect subﬁeld of K and
L = F (α1). Suppose that
μ = [α1, γ j, γ j+1, . . . , γs] ∈ Z2
(
D j, L
∗)
can
and KerK (μ) = {e} (see Lemma 1.6). Let λ ∈ Z2(G, K ∗)can be of the form
λ = [α1, . . . ,α j−1,αpm jj γ j, γ j+1, . . . , γs],
where 0mj  n j .
Assume that
α
t1
1 . . . α
t j−1
j−1
(
α
pm j
j γ j
)t jγ t j+1j+1 . . . γ tss ∈ K p, (7)
for certain t1, . . . , ts ∈ {0,1, . . . , p − 1}. Then
α
t2
2 . . . α
t j−1
j−1
(
α
pm j
j
)t j ∈ K p(α1). (8)
If mj = 0 then, by the p-independence of {α1, . . . ,α j}, (8) yields t2 = 0, . . . , t j = 0. Since
KerK (μ) = {e}, by Lemma 1.4 and (7) we have t1 = 0, t j+1 = 0, . . . , ts = 0. Applying again Lemma 1.4,
we conclude that KerK (λ) = {e}. By Proposition 2.1, an irreducible λ-representation of G over K is
faithful. The proof in case mj > 0 is similar.
We have K λA1 ∼= K (θ), where θ is a root of the polynomial X pn1 − α1. We can view K λG as the
twisted group algebra of the group A2 × · · · × As over the ﬁeld K (θ) with the 2-cocycle λ. Then, by
Lemma 3.4, we obtain K λG = K νG , where
ν = [α1, . . . ,α j−1,αpm jj ,1, . . . ,1].
Let {vg : g ∈ G} be a natural K -basis of K λG corresponding to ν . Then rad K λG is generated by the
elements
vp
n j−m j
a j − α j ve, va j+1 − ve, . . . , vas − ve.
Therefore dimK K λG = pr .
By Lemma 1.6 the group Z2(D j, L∗)can contains inﬁnitely many pairwise non-cohomologous over
K 2-cocycles of the form μ = [α1, γ j, γ j+1, . . . , γs] with KerK (μ) = {e}. If μ′ = [α1, γ ′j , γ ′j+1, . . . , γ ′s ] ∈
Z2(D j, L∗)can, KerK (μ′) = {e} and the 2-cocycles μ, μ′ are not cohomologous over K , then the corre-
sponding 2-cocycles λ and λ′ of Z2(G, K ∗)can are also non-cohomologous over K .
Suppose now that s 2 and t = 1. Then m = n. Let F be a perfect subﬁeld of K , α ∈ K , α /∈ K p and
L = F (α). By Lemma 1.6, the group Z2(G, L∗)can contains inﬁnitely many pairwise non-cohomologous
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K νG , where ν = [α,1, . . . ,1]. Hence dimK K λG = pn . 
Our ﬁnal main result of this paper is the following theorem.
Theorem 3.7. Let K be a non-perfect ﬁeld of a ﬁnite characteristic p, G a ﬁnite p-group, G ′ the commutant of
G and H a subgroup of G.
(i) The subgroup H is the kernel of some irreducible projective representation of G over K if and only if
G ′ ⊂ H.
(ii) Assume that G ′ ⊂ H, H = G, pn = exp(G/H) and m = i(G/H, K ). If d is the dimension of an irreducible
projective representation of the group G over K with the kernel H, then d = pl , where n lm. For every
natural r with n  r m, the group G has inﬁnitely many isomorphism classes of irreducible projective
representations of dimension pr over the ﬁeld K with the kernel H.
Proof. (i) In view of Lemma 1.3 and Proposition 2.1, the kernel of any irreducible projective repre-
sentation of G over K contains G ′ . Assume now that G ′ ⊂ H . Since G/H is an abelian p-group, by
Proposition 2.1 and Theorem 2.4 there exists a 2-cocycle μ ∈ Z2(G/H, K ∗) such that KerK (μ) = {H}.
If we put λx,y = μxH,yH for all x, y ∈ G , then we obtain λ ∈ Z2(G, K ∗) with KerK (λ) = H . By Propo-
sition 2.1, the subgroup H is the kernel of an irreducible λ-representation of the group G over the
ﬁeld K .
(ii) Let λ ∈ Z2(G, K ∗) and KerK (λ) = H . By Lemma 1.3, we can assume that λg,h = λh,g = 1 for all
g ∈ G and h ∈ H . We set μxH,yH = λx,y for every x, y ∈ G . In view of Lemma 1.3, μ ∈ Z2(G/H, K ∗)
and KerK (μ) = {H}. Let V be a ﬁnite-dimensional vector space over K . If Γ : G → GL(V ) is an
irreducible λ-representation of G , then Γ : G/H → GL(V ), Γ (gH) = Γ (g) is a faithful irreducible
μ-representation of the factor group G/H . By Theorem 3.6, dimK V = pl , where n lm.
Let n r m. By Theorem 3.6, the abelian p-group G/H has inﬁnitely many isomorphism classes
of faithful irreducible projective representations of dimension pr over the ﬁeld K . If Δ : G/H → GL(V )
is a faithful irreducible μ-representation of dimension pr , then Δ : G → GL(V ) deﬁned by Δ(g) =
Δ(gH) is an irreducible λ-representation of G of dimension pr with the kernel H , where λx,y =
μxH,yH for all x, y ∈ G . 
Corollary 3.8. Let K be a non-perfect ﬁeld of a ﬁnite characteristic p, G a ﬁnite p-group and m = i(G/G ′, K ).
Then the dimension of each irreducible projective representation of G over K divides pm. For any natural
number r m, the group G has inﬁnitely many isomorphism classes of irreducible projective representations
of dimension pr over the ﬁeld K .
Proof. The ﬁrst statement follows from Lemma 3.5. Let r m be a natural number. There exists a
subgroup H of G such that G ′ ⊂ H , H = G and i(G/H, K ) = r. Applying Theorem 3.7, we ﬁnish the
proof. 
Corollary 3.9. Let K be a non-perfect ﬁeld of characteristic p, G a ﬁnite p-group and H be a subgroup of G
such that G ′ ⊂ H, H = G. Then i(G/H, K ) i(G/G ′, K ).
Proof. Apply Theorem 3.7 and Corollary 3.8. 
Remark 3.10. It is well known that an irreducible ordinary (linear) representation of a p-group G over
K is one-dimensional. Consequently, G admits no faithful irreducible ordinary representations over K .
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